Introduction
Over a eld of characteristic zero, the separable algebras and the strongly separable algebras coincide with one another and the class of nite dimensional semisimple algebras. In this case, separability is the cohomological point of view on semisimplicity 16] . Strong separability in this case is an additional constraint of symmetry on the separability idempotent, also an interesting point of view 7] . However, it is over a non-perfect eld F of characteristic p that the three classes of algebras form a proper chain of inclusions. For example, there is a textbook example of a nite eld extension which is not separable but is of course a semisimple algebra 35] . Moreover, the matrix algebra M n (F ) where p divides n (and F need only have characteristic p), is separable but not strongly separable.
In this paper we survey and study separability and strong separability in its relations to Frobenius and Hopf algebras over a commutative ring k. We study the problem of when Frobenius and Hopf algebras are separable or strongly separable. It turns out that the dual bases tensor, which appears in the study of Frobenius and Hopf algebras (cf. 3, 4, 13, 19, 20] ), can be used in the construction of a symmetric separability idempotent (Theorem 4.1). As an application of this result we prove that an involutive, separable Hopf k-algebra is strongly separable (Theorem 5.5).
This is generalization of the following well-known result of Kreimer and Larson 22]:
if a Hopf algebra H over an algebraically closed eld F is involutive and semisimple, then the dimensions of simple H-modules are coprime to the characteristic of the eld. Then we generalize a recent result of Etingof and Gelaki 12] , which states that if Hopf F-algebra H is semisimple and cosemisimple, then H is involutive. We show that with a small condition on 2 2 k, if a Hopf k-algebra is separable and coseparable, then H is involutive (Theorem 6.1).
Our paper is organized as follows. In Section 2 we review some of the basics of separable k-algebras and Frobenius k-algebras which are needed. In Section 3, we bring together nine conditions for a strongly separable k-algebras in 21, 14, 8, 7, 1] into one theorem (Theorem 3.4). In Section 4 we apply this theorem to Frobenius k-algebras (Theorem 4.1) and study augmented Frobenius algebras. We prove in Theorem 4.1 that a Frobenius algebra A is strongly separable if and only if the transpose of its dual bases tensor maps under the multiplication mapping to an invertible element in A. In Section 5 we study separability of Hopf k-algebras and apply Theorem 3.4 to involutive separable Hopf k-algebras (Theorem 5.5 ).
In Section 6 we generalize the recent result of Etingof and Gelacki, and obtain involutive results for strongly separable Hopf F-algebras under various constraints on the order of the antipode and the size of p.
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Preliminaries on Separable and Frobenius Algebras
Let k denote a commutative ground ring. We refer to k-algebras that are nitely generated and projective over k as being nite projective algebras.
In this section, we set up some notation and recall useful facts for separable algebras (cf. 9]) and for Frobenius algebras 10, 31, 3, 19] . We also de ne the trace of an endomorphism of a nite projective k-module V , its Hattori-Stallings rank (cf. 5]), as well as the standard trace of a nite projective algebra A.
Given an algebra A over k, we make use of several constructions. First, the dual of A is A := Hom k (A; k) and is also nite projective over k. A has an A-bimodule structure given by (afb)(c) := f(bca) (1) for every a; b; c 2 A and f 2 A . An element f 2 A is called a trace if af = fa for every a 2 A, and a normalized trace if moreover f(1 A ) = 1 k . A nonzero f 2 A is said to be nondegenerate if all a 2 A for which fa = 0 are zero, or all a 2 A for which af = 0 are zero.
Second A is a separable k-algebra if is a split A-A-epimorphism. A is a central separable algebra, or Azumaya algebra, if it is a separable C-algebra where C is its center. If A is k-separable and K is any intermediate ground ring for A (i.e., there are ring arrows k ! K ! C forming a commuting triangle with the unit map k ! C) then A is separable K-algebra, since the natural mapping A k A ! A K A pulls back the splitting map for .
A separability element e 2 A A is the image of 1 A under any splitting mapping of ; equivalently, e is a Casimir element such that (e) = 1. The Casimir condition on e 2 A e is given by ze = (z)e for all z 2 A e . If e is symmetric, then ez = e( 0 (z) 1) where 0 (a b) = ba. As a consequence, should a symmetric separability element exist, it is unique, since given two of these, e and f, we have e = e( 0 (f) 1) = ef = (e)f = f (2) We will see in Section 3 that having a symmetric separability element is equivalent to A being strongly separable, a notion of Kanzaki from 1964 21] . Separability is a transitive notion, in that if A is a separable k-algebra and k is a separable K-algebra, then A is seen to be a separable K-algebra. For if P i x i y i is a separability element for k ! A and P j z j w j is a separability element for K ! k, then it is easily veri ed that P i;j x i z j K w j y i is a separability element for the composite arrow K ! A. 
Either dual bases equation (as we will refer to them) implies the other. It follows from an application of both dual bases equations that P i x i y i is a Casimir element in A A. As a consequence, it is easy to see that a Frobenius algebra A is separable i there is d 2 A such that X i x i dy i = 1:
Since fx i g, f y i g is a projective base for the underlying k-module of a Frobenius algebra A, it follows that the trace of a k-endomorphism f 2 End k (A) is (9) and the HS rank of A k is P i (y i x i ). For example, let A = M n (k), the trace of a matrix, with dual bases given by the matrix units e ij ; e ji . Then the standard trace Tr = n and the HS rank of A over k is n 2 (14) equivalently, one of the Frobenius homomorphisms is a trace (and the Nakayama automorphism is any case an inner automorphism). This proposition will be a stepping-stone to proving a similar result for noncommutative separable algebras in the next section. Proposition 2.1. Suppose A is a commutative ring with subring S such that A S is a nite projective module. Then A is separable algebra over S if and only if Hom S (A; S) is freely generated as a right A-module by the standard trace t.
Proof. Let fy i g n i=1 and ff i g n i=1 be a projective basis for A S , and note that t(a) = P n i=1 f i (ay i ). 
4. There is a C-linear projection : A ! C. Lemma 3.2. Suppose A is a k-algebra with center C. Then A is k-separable if and only if A is separable over C and C is a separable over k.
Proof. (() This follows from transitivity of separability.
()) A is C-separable since it is separable over any intermediate ring between k and C. In order to show that C is k-separable, it su ces to show that C is a projective C e = C k C-module. By Proposition 3.1, A is projective as a C-module, therefore A e = A k A op is projective as a C k C-module by an easy exercise. By A e ! C is also a C-linear projection; whence C is a C e -direct summand of the projective C e -module A e . Hence, C is C e -projective.
Since a central separable C-algebra A is nite projective over its center C, its standard trace t : A ! C is de ned and t (1) 
Now A A C A = A via the multiplication map in Proposition 3.1. But A A is the C-space of (non-normalized) traces. Since A = C A; A], A A is free of rank 1, being just the scalar multiples of t 1 or t. We conclude that A = A as A-bimodules, so A is a symmetric algebra, with Frobenius homomorphisms t 1 or t (since they di er by an invertible element).
Let fu i g, fv i g be dual bases for t 1 , so that 
Henceê := c ?1 P i u i v i is a symmetric separability element. By uniqueness of such an element we haveê = e. Since t = ct 1 , Condition 2 follows from Equation 21 by replacingê with e. Condition 3 follows from e being symmetric and t a trace.
The proposition is partially summarized by saying that a central separable algebra A has a C-linear projection onto its center C given by a 7 ! P i x i ay i , is a symmetric C-algebra with a dual bases tensor and symmetric separability element P i x i y i . The data (t; x i ; y i ) satisfying Conditions 1 to 3 in Proposition 3.3 we temporarily call a strongly separable base.
We de ne a separable base for a k-algebra A, nite projective over k, as a klinear trace f : A ! k together with elements x 1 ; : : : ; x n ; y 1 ; : : : ; y n 2 A such that P n i=1 f(ax i )y i = a for all a 2 A, and P n i=1 x i y i = 1. In fact, f is necessarily the trace map t introduced earlier by an easy computation. For example, a commutative separable algebra A over k has a separable base by the proof of Proposition 2. A is said to be strongly separable over k if it satis es any of the nine conditions above.
Proof. We prove that Conditions 1 ) 2 ) 3) 4) 5) 6) 7) 8) 1, and Condition 8 ) 9 ) 7.
(Condition 1 ) 2.) >From Lemma 3.2, the k-separability of A implies that A is C-separable and C is k-separable. From Proposition 3.3, the C-algebra A has a strongly separable base, which is a special case of a separable base.
(Condition 2 ) 3.) Suppose (t 2 : A ! C; x i ; y i ) is a separable base for the C-algebra A. Then we have seen that P i x i y i is symmetric separability element for A. In particular, A is a central separable algebra, and nite projective over C by Proposition 3.1. Since C is a C-direct summand in A by Proposition 3.1, it is a k-direct summand, so C is projective over k. Denote its standard trace by t 1 : C ! k. >From Proposition 2.1 and the k-separability of C, it follows that C is a symmetric k-algebra with Frobenius homomorphism t 1 . Since P i x i C y i is a symmetric separability element, we argue as in the proof of Proposition 3.3 to show that A is a symmetric algebra over C: namely, we deduce that A = C A; A], from which it follows that A A = C and by Proposition 3.1 with M := A that A = A as A-bimodules.
Since A is a symmetric C-algebra and C is a symmetric k-algebra, it follows that A is a symmetric k-algebra with trace Frobenius homomorphism t 0 = t 1 t 2 . Then t 0 freely generates Hom k (A; k) as a right A-module. But it is readily computed (by choosing projective bases for A and C) that t 0 is the standard trace t : A ! k. We We now argue just like in the rst stage of the proof of Proposition 3.3 that e is a symmetric separability element.
As in the proof of ( 2 ) 3) we see that C is nite projective over k, so there is a trace t 0 : C ! k forming part of a separable basis (t 0 ; u j ; v j ) by Proposition 2.1, Let us observe a number of corollaries of this theorem. First, it is clear that a separable commutative algebra A which is projective (and automatically nitely generated by a theorem of Villamayor) over k, satis es any one of several of the nine conditions, and therefore is strongly separable.
Corollary 3.5. A separable, projective commutative algebra is strongly separable.
Secondly, it follows from Condition 3 that a strongly separable algebra A is a symmetric algebra, since t is necessarily nondegenerate, so A = A as A-bimodules. Consequently, the symmetric separability element e = (25) where c is the HS rank of A over C and t 1 = (e) = c ? 
Augmented Frobenius Algebras
Let k be a commutative ring throughout this section. We rst consider when a Frobenius algebra is strongly separable. 
It follows that (n) is a unit in k. But for every x 2 A, a computation like in 25], namely, (x) (n)n = nxn = m(x)n 2 = m(x) (n)n; gives (x) (n) = m(x) (n), whence (x) = m(x). Thus, A is unimodular. R`H = P = k is guaranteed if k has Picard group zero (e.g. when k is a eld, semi-local or a polynomial ring).
In this section, k will continue to denote a commutative ring and a Hopf algebra H is always nite projective as a k-module; moreover, we will assume H is a Frobenius algebra with a special Frobenius homomorphism f : H ! k. We require of f that it be a right norm in the dual Hopf algebra H , which is no loss of generality since S is an anti-automorphism and Sf is a left norm in H . We will refer to such an H as simply Hopf algebra in this section. 1 Recall that a Hopf subalgebra of H is a subalgebra K such that S(K) = K and (K) K K. The next corollary is generalizes a proposition in 25] for semisimple Hopf algebras over a eld.
Corollary 5.3. Suppose k is a local ring. If H is a separable Hopf algebra free over k and K is a k-free Hopf subalgebra, then K is separable as well.
Proof. It follows from 20, Lemma 5.2] that H is free as the natural right K-module.
Let n be a right norm for K. By expanding t in basis for H over K, we nd 2 H such that t = n. Then (t) = ( ) (n). Since (t) is invertible and the non-units in k form an ideal, (n) is invertible. Whence K is separable.
We use the notation a ( The rest of the proof follows from noting that m is a group-like element in H , so the convolution-inverse m ?1 = m S and m S 2 = m.
Recall that a Hopf algebra is involutive if S 2 = Id. Proof. Theorem 5.5 and its proof imply that H is strongly separable and u = P (t) t 1 S ?1 (t 2 ) = (t)1 H Then Tr (S 2 ) = (t)f(1) = (t) X n tr (u ?1 ) = X n tr (1 Mn (k) 
If H is cosemisimple we already know that Tr (S 2 ) 6 = 0 and hence dimH 6 = 0. We believe that strong separability of a Hopf algebra H over a eld k and the fact that gcd (dimH; char(k)) = 1 imply that H is coseparable. This fact is known in case of elds of characteristic 0 simply because strong separability is equivalent to separability in this case 23]. For the remainder of this paper we will assume that k is algebraically closed, H is strongly separable over k, char(k)) > 2 and gcd (dimH; char(k)) = 1. We continue with the notation we used in Section 5. Lemma 6.3. Let u = P (t) t 1 S ?1 (t 2 ). Then tr (u) = tr (u ) = n (t).
Proof. We already know from the proof of Proposition 5.8 that fE ij g; f(1=n )E ji ug form dual bases with respect to f. Therefore Let us consider x as an element of Z. It is clear that x < dimH < p. On the other hand x > 0 because we have the one-dimensional component H 0 on which the corresponding A 0 0 is 1 and the other multiplicities A i ; B j are zeroes. It follows that Tr(S 2 ) 6 = 0 in k.
